This paper reviews the use of an input-dependent kernel in a linear convolution integral as a quasi-nonlinear approach to unify nonlinear overland flow, channel routing and catchment runoff processes. The conceptual model of a variable kernel or instantaneous unit hydrograph (IUH) is characterized by a nonlinear storage-discharge
, where the storage exponent N is an index or degree of watershed nonlinearity. When the causative rainfall excess intensity of a unit hydrograph is known, parameters N and c can be determined directly from its shape factor, the product of the unit peak ordinate and the time to peak. The model is calibrated by the shape factor and verified by convolution integral on two watersheds of vastly different sizes, each 10 having a family of four or five unit hydrographs, data of which were published by Childs in 1958 for the Naugatuck River and by Minshall in 1960 for the Edwardsville catchment. For an 11-hectare catchment near Edwardsville in southern Illinois, the US, four moderate storms show an average N value of 1.79, which is 7% higher than the theoretical value of 1.67 by Manning friction law, while the heaviest storm, which is three to 15 six times larger than the next two events in terms of the peak discharge and runoff volume, follows the Chezy law of 1.5. At the other end of scale, for the Naugatuck River at Thomaston in Connecticut, the US, having a drainage area of 186.2 km 2 , the average N value of 2.28 varies from 1.92 for a minor flood to 2.68 for a hurricane-induced flood, all of which lie between the theoretical value of 1.67 for turbulent overland flow and that 20 of 3.0 for laminar overland flow. Short examples and a spreadsheet template are given to illustrate key steps in generating the direct runoff hydrograph by convolution integral with the 2-parameter variable IUH model.
Introduction
In a comprehensive survey of similarities and contrasts between analyses of hydrologic 25 elements and processes over a very large range of scales, Dooge (2005) makes a con-vincing case that progress in analysis has been made through simplification of these complex processes. He advocates a strategy based on a rigorous analysis of simplified equations of motion (emphasis added). According to him, a wide range of forms of simplification has been used in hydrology, including: reducing the number of independent and dependent variables, and of parameters, such as by the dimensional analysis; and 5 simplifying the basic equations. He cites previous studies on, among others, overland flow, flood routing in channels, and catchment runoff processes. Specifically, he reviews the work of Amorocho and Orlob (1961) on laboratory experiments of overland flow, and of Minshall (1960) on unit hydrographs on a small experimental watershed.
The purpose of this paper is to present an additional approach of simplification or 10 approximation that the author has found useful, over his professional life of some 30 years, in unifying concepts behind these and other nonlinear processes. In essence, this involves the use of an input-dependent or nonlinear kernel in a linear convolution integral, a relaxation of the principle of superposition in linear systems. The concept of variable kernel or instantaneous unit hydrograph (IUH) will be reviewed, and the 15 parameters reinterpreted. The classical example of the Minshall (1960) nonlinear unit hydrograph data on a small watershed in southern Illinois, the United States, will be analyzed using the variable IUH model to determine the degree of nonlinearity and scale parameter. Another set of unit hydrograph data from an earlier study by Childs (1958) on a large Naugatuck River in Connecticut, the United States, will be re-examined to 20 determine its nonlinearity. It is hoped this fresh look at two sets of 40-plus-year-old unit hydrograph data from a nonlinear perspective will help identify areas for research by the younger generations. Although the concept of nonlinear systems is not much difficult to grasp than that of linear ones, it is much harder to carry out numerical analysis for even a simple nonlinear 25 system, such as the 2-parameter variable IUH model, characterized by a nonlinear storage-discharge relation, q=c N s N . Because of the presence of the exponent N, it is rather confusing, even to the author, to convert variables and parameters from one set of units to another, short examples including a spreadsheet template will be given to 2113 illustrate key calculations.
Basic equations and assumptions for the overland flow
For flow over a plane subjected to a constant rate of rainfall excess, the continuity equation is expressed by:
where i is the inflow rate in mm/d t, q is the outflow rate in mm/d t, s is the storage in mm, and t is time in h. The equation of motion is approximated by a nonlinear storage-discharge relation:
where N is the storage exponent (dimensionless) known as a shape parameter, and c 10 is the unadjusted discharge coefficient in (mm/d t) 1/N /mm known as a scale parameter. For flow on a wide rectangular channel, N = 1.5 by Chezy friction law, and 1.67 by Manning (Horton, 1938; Ding, 1967a; Dooge, 2005) . In the case of laminar overland flow, N=3.0 (Horton, 1938; Izzard, 1946; Ding, 1967a) . Note that Horton used the depth of flow instead of the volume of water in Eq. (2). The volume or storage is 15 approximated by depth times the surface area. Parameter N has been proposed by Ding (1974) as an index or degree of nonlinearity for storage elements. Equation (2) is known as a kinematic wave approximation to the equation of motion (Dooge, 2005) . In the author's view, Eq. (2) may be looked at more appropriately as a simplification of the Bernoulli energy equation, as it converts the potential energy (s) of a storage element into a kinetic energy (q) without loss. Therefore, some other form of the equation of motion will have to be specified to account for the flow acceleration. An alternative based on a lumped storage concept will be discussed in Section 4 below.
In a review of overland flow data from laboratory experiments by Amorocho and Orlob (1961) , Dooge (2005) observes that if the laboratory system represents a wide rectangular channel with Manning friction, then the characteristic time should be inversely proportional to the characteristic discharge to a power of 0.4. His analysis of their experimental data shows a power of 0.3997, which is very close to the theoretical 5 value. More on this will be discussed in Sect. 7.1 below.
For a laboratory watershed having a converging surface towards the outlet, Singh (1975 ), like Horton (1938 before him, used the local depth of flow in Eq. (2):
where h is the depth of flow at the outlet, and a is a constant.
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Based on data from 210 experimental runs for 50 geometric configurations having varying physical characteristics collapsed into seven groups of similar surface characteristics, Singh (1975) found that parameter N is relatively stable, and parameter a is extremely sensitive to rainfall input characteristics and surface composition, and there exhibits a high correlation between the two. He fixed the N value at 1.5 by Chezy 15 friction, which also led to a smaller variance of parameter a. For the 1-parameter kinematic wave model, he found the prediction error based on the hydrograph peak to be well below 25%.
Similarity between channel routing and overland flow
The movement of a flood wave down a channel reach typically exhibits a looped 20 storage-discharge relation, a characteristic the well-known Muskingum model is capable of simulating.
The kinematic wave approximation, Eq. (2), can be modified to simulate the hysteretic phenomenon by adding a term reflecting the rate of change in storage:
where c 1 is a constant. Substituting ds/dt in Eq. (1) into Eq. (4):
When N=1, this reduces to the form of Muskingum model (Ding, 1967b (Ding, , 1974 . The 3-parameter, nonlinear form of Muskingum model was evaluated by Gill (1978) , Tung (1985) and Singh and Scarlatos (1987) . Gill (1978) used a segmented-curve 5 method to determine the three parameters on one test example and found an optimal N value of 1/2.347. Tung (1985) used four parameter optimization methods on the same test example and found the N values varying from 1/1.7012 to 1/2.3470. Note these fractional exponents are contrary to that of greater than unity as defined in connection with Eq. (2).
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Singh and Scarlatos (1987) pre-set a moderately high N value of 2.0, and found that the model's accuracy depends mainly on the scale parameter c, and unlike the linear case, the weighting factor c 1 is much less significant. They found that the use of a lower N of 1.33 would improve the performance of the nonlinear model. A comparison by them with the linear case using four sets of inflow-outflow data shows that the nonlinear 15 method is less accurate than its linear counterpart.
The Singh and Scarlatos (1987) findings are indicative of the stability problem associated with nonlinear analysis in which the impact of the inflow rate is amplified by the degree of system nonlinearity. It is noted that assessment on the accuracy of linear or nonlinear form of Muskingum model is complicated by the presence of local 20 inflow along the river reach, which affects the accuracy of the outflow data used for calibration. The somewhat contradictory findings regarding the degree of nonlinearity by these investigators point to the need for verification by flume tests, similar to those for overland flow in Sect. 2 above, in a hydraulic laboratory where the effects of local inflow can be eliminated or controlled.
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Besides the looped storage-discharge relation, another characteristic of the Muskingum model is the occurrence of negative outflow rates at the beginning of the outflow hydrograph (e.g. Chang et al., 1983) . This problem can be fixed by imposing in Eq. (4)a non-negative condition for q, which, depending on the ratio of the storage to its rate of change, will define the size of computational time steps.
In passing, the variable IUH model, which was originally developed by Ding (1974) to simulate catchment runoff process as discussed in Sect. 6 below, has been extended by Wu (1982) , as well as suggested by Kundzewicz (1984) , for use as a flood routing 5 model as well.
Similarity between catchment runoff and overland flow
The transformation of rainfall into runoff on small catchments, a building block of watershed models, is probably the most difficult problem to tackle in hydrology. A distinct feature of the process is the existence of a time lag observed on most watersheds be-10 tween a short, intense storm and the resultant hydrograph peak. The pair of continuity equation and the kinematic wave approximation (Eqs. 1 and 2) on their own, however, fails to model this characteristic time.
From a review of the Horton (1938) and Izzard (1946 ) experiments, Ding (1974 realized that the rising limbs of their overland flow hydrographs are essentially a sum-mation or S-hydrograph. This fact, apparently having been overlooked by previous investigators, provides a conceptual link to the catchment runoff process via a classical concept, which states that the ordinate of an instantaneous unit hydrograph (IUH) is the first derivative of an S-hydrograph normalized by the rainfall excess intensity. Mathematically, the relation between the two is expressed as follows:
where u(t) is the IUH ordinate in h −1 . Lesser known is the fact that the variable u(t), reflecting the time rate of change in discharge, represents the flow acceleration. Because of this, the IUH or, more precisely, the variable IUH which retains the rainfall excess intensity term, may be considered as alternate and simplified form of the equation of 25 2117 motion.
Catchment runoff process
For a special case of constant rainfall excess intensity over an indefinite period of time, i.e. i (t)=i (0)>0, Eq. (6) is a differential form of the linear convolution integral with an input-dependent or variable kernel:
where u[i (0); t] is a nonlinear kernel associated with the causative rainfall excess intensity i (0). For convenience, u[i (0) ; t] will be abbreviated as u(t), on the understanding that the IUH ordinate depends on the causative rainfall excess intensity as well as the elapsed time.
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Also note the difference between two related terms being used in this paper. The kernel or IUH ordinate has the time unit of h −1 , and the unit hydrograph peak rate or discharge produced by one unit of rainfall excess, i.e. 1 mm in this paper, has the volumetric units of mmh −1 or m 3 s −1 .
The use of an input-dependent kernel in the linear convolution integral was pro-
15
posed by Amorocho (1967) to simulate the systematic variation of the unit hydrographs observed by Minshall (1960) . The latter showed that on a 27.2-acre (11-hectare) experimental watershed near Edwardsville in southern Illinois, there exists not a single unit hydrograph, but a family of five, each dependent on its causative rainfall intensity (this watershed will be referred to as the Edwardsville catchment).
20
Similar phenomenon has been reported for medium-sized watersheds as well. For example, two years prior to Minshall's work, Childs (1958) presented an illuminating example of nonlinear runoff response for the 71.9 sq. mi. (186 km 2 ) Naugatuck River at Thomaston in Connecticut. He showed a family of four 3-hour unit hydrographs derived from flood records, in which as the flood peak discharge increases from a low of 3200 c.f.s. (91 m 3 s −1 ) to a high of 41 600 c.f.s (1178 m 3 s −1 ), the latter caused by Hurricane Diane in August 1955, the unit hydrograph peak rate increases from approximately 3000 c.f.s (85 m 3 s −1 ) to 7400 c.f.s (211 m 3 s −1 ), and the peak time shortens from 9 h to 6 (see Table 5a below). The work of Minshall (1960) has been cited by many studies as a classical case of 5 nonlinear watershed response, some of which were cited by Ding (1974) . Since then, other studies citing Minshall's work include Overton and Meadows (1976) , Chen and Singh (1986) , Singh (1988) , Robinson et al. (1995) , Lee and Yen (2000) , Cranmer et al. (2001) , Sivapalan et al. (2002) , Kokkonen et al. (2004) , and Paik and Kumar (2004) . In contrast, the work of Childs (1958) has rarely been cited, Ashfag and Webster (2000) 10 being a notable exception.
Variable instantaneous unit hydrograph in catchment runoff process
Equation (7) is a 1-dimensional convolution integral having a variable kernel. It is of interest to note that a 2-dimensional extension having an additional variable kernel was proposed by Chen and Singh (1986) . In keeping with the Dooge (2005) strategy 15 of simplification, only the original 1-dimensional variable IUH model is reviewed in this paper. Detailed derivation of the model and its properties can be found in the Ding (1974) paper, and only those results required for this review are summarized below.
Derivation of the variable IUH
The solution of Eqs. (1), (2) and (7) for a constant i (t) is a pair of parametric equations 20 having a dummy variable v:
2119
where
Note in Eqs. (8) and (9), not only does the IUH ordinate vary directly, but also the 5 elapsed time inversely, with the rainfall excess intensity raised to a power of (1−1/N) so that the area under the IUH remains unity. The effect of parameter N on the IUH shape is complicated by the fact that it amplifies the impact of the rainfall excess intensity as well as having its own. The effect of parameter c is straightforward, as it affects the IUH ordinate directly and elapsed time inversely.
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Substituting u(t) in Eq. (8) into Eq. (7), the convolution integral becomes:
Equations (11) and (9) constitute the 2-parameter, variable IUH model.
Bakhmeteff varied-flow function
To calculate the value of the varied-flow function, Bakhmeteff (1932) expands the inte-15 grand in Eq. (10) by the Taylor series and sums the successive higher-order terms:
where R p is the residue of the series after p number of terms. He sets the residual error at less than or equal to 0.0005.
20
As an example of calculation, for N=1.67 by Manning friction and v=0.473, the latter yields the IUH peak as shown in Section 6.8 below: 
where t p is time to the peak. Substituting v(t p ) in Eq. (14) into Eqs. (8) and (9), the peak characteristics are ex-10 pressed as follows:
where:
Note these peak functions depend on the value of N only. In Eq. (16), t p is the time to IUH peak measured from the start of the rainfall-excess storm, and t L is the time to the 2121 peak from the mid-point of rainfall excess, the latter known as the basin lag or the lag time. For the IUH in which ∆t approaches zero, t p and t L are identical. More on this will be discussed in Sect. 6.4 below.
The product of u(t p ) and t p defines the shape of an IUH and is known as a shape factor. The product of Eqs. (15) and (16) yields:
Note the IUH shape factor also is a function of N only.
Discretization of the variable instantaneous unit hydrograph model
The variable IUH model and its peak characteristics summarized above are mathematically derived treating the rainfall-runoff transformation as a continuous process. For 10 application, the process will have to be sampled or discretized along the time axis.
Equations (11) and (9) in the integral form are approximated by a summation form as follows:
where indices j and k are non-negative integers (note: in accordance with Fortran programming language convention, the index of a subscripted variable starts from 1, and not 0). Note the IUH as represented by Eqs. (7) to (19) thus becomes a ∆t-unit hydrograph (or ∆t UH for short). Rainfall excess values are accumulated over ∆t, and runoff rates 20 measured at the end of each ∆t. Since the midpoint of the rainfall excess, rather the starting point, is more representative of the input variable, t L will be used as a 2122 characteristic time. In a discrete form, the relation between the time to peak and the lag time is:
The IUH shape factor in Eq. (19) is approximated by its ∆tUH shape factor, which will be used to determine the degree of nonlinearity for both the Edwardsville and 5 Naugatuck watersheds in Sects. 7 and 8 below.
Standardization of the scale parameter
The watershed discharge coefficient c is known as a scale parameter. Calibrated c values are derived usually for storms of different duration. For comparison of calibrated results, parameter c need be standardized to one, say parameter C h , having a com-mon time unit of 1 h. Let the units of parameter C h be (mm/h) 1/N /mm, and note that 1 h=(1/|∆t|)∆t in which (1/|∆t|) is a conversion factor and |∆t| has the value of the variable ∆t. If the nonlinear storage-discharge relation is expressed in terms of C h , and in order to keep the same units of outflow rate (q) in mm/∆t, it becomes:
Equating the coefficients of storage in Eqs. (2) and (23) gives the following relation:
Since |∆t| and ∆t have the same value, the value sign for |∆t| will be dropped unless confusion is expected.
6.6 Conversion of the outflow rate
20
In applications of the variable IUH model, it has been found more intuitive to express both the variables and parameters in terms of the depth of water over the watershed. 2123
As a final step in hydrograph synthesis, the outflow rate q in mm/∆t is converted to a new variable Q having the familiar volumetric units of m 3 s −1 . Let A be the watershed area in km 2 , the relation between the two is:
6.7 Variable IUH equations for unit pulse input
5
For direct runoff hydrograph generated by a single block of rainfall excess, i.e. i (j −k+1)=i (1) when indices j =k, and i (j −k+1)=0 otherwise, and making use of Eq. (24), Eqs. (11) and (9) become:
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At the time to peak, making use of Eqs. (14), (17), (18) and (22), the above reduce to the following:
where j p is a multiple of ∆t denoting the peak time. 
Equation (30) illustrates the relative effects on the peak discharge, of the storm duration, rainfall excess intensity and the watershed discharge coefficient in that order, if the Manning friction law applies on a watershed. Other things being equal, given the 10 same intensity, a longer duration storm would produce a higher peak discharge than a shorter one. More on this will be discussed in Sect. 7.4 below. As a final step, the peak flow rate q(j p ) in mmh −1 is converted by Eq. (25) to the peak discharge Q(j p ) in m 3 s −1 as follows: (Collins and Moon Ltd., 1981; Tsao, 1981; Wisner et al., 1984; Chen and Singh, 1986) and reported that the
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calibrated N values on watersheds ranging in size from one to 1900 km 2 vary from 1.2 to 3.4. As a form of simplification, Collins and Moon Ltd. (1981) , in a calibration study in Ontario, Canada, fixed the N value at 1.5 according to Chezy friction, thus leaving only 2125 the scale parameter C h to be determined. For the normal range of storm events used in calibration, they found that the 1-parameter model does not suffer significant loss in its flexibility to fit observed hydrographs. For some 10 watersheds in southwestern Ontario, they found that the scale parameter is inversely proportional to watershed area to a power of 0.31, i.e. the larger the watershed, the smaller the discharge coefficient 5 Given a pair of rainfall excess hyetograph and direct runoff hydrograph, the variable IUH model parameters can be simultaneously calibrated or optimized by the process of reversing the convolution integral (Eqs. 20 and 21), i.e. de-convolution. A parameter optimization procedure based on the method of differential corrections is given by Ding (1974) (note: in Eq. 43 of the paper, the factor: v n0 /(1−v n0 ) should read 10 v n0 lnv/(1−v n0 )). However, this approach will not be followed because only the unit hydrograph peak characteristics will be used for calibration, as explained in Sect. 7.1 below. Instead, an alternate approach called the variable IUH shape factor method will be used to determine or calibrate the shape parameter N, which in turn determines the 15 scale parameter C h . To verify the accuracy of calibrated parameters, hydrographs including the peak characteristics will be regenerated by applying the convolution integral for comparison with observed one.
Analysis of the Minshall unit hydrograph data for the Edwardsville catchment

Shape parameter
20
The Minshall (1960) family of five unit hydrographs for the 11-hectare Edwardsville catchment is among the oft-cited examples of watershed nonlinearity. These storm events have a much wider range of rainfall values and provide an excellent data set for another closer look at the watershed nonlinearity.
Since Minshall (1960) provided data in the finished form of unit hydrographs, espe-
25
cially the peak rates and the time to peak, these lend themselves to the use of the IUH shape factor for model calibration. Table 2a shows the unit hydrograph data for the Edwardsville catchment. Columns (1) to (8) are reproduced from one of Minshall's more extensive tables, with the data converted from the imperial units to the metric. The "unit" hydrograph as used in this paper refers to that produced by a unit storm having 1 mm in rainfall excess 5 instead of 1 inch (25.4 mm) in Minshall's paper. The headings are slightly modified to reflect the present-day usage. The data are arranged in the descending order of the rainfall intensity in Column (4). Note the time to peak in Column (8), when expressed in the multiple of the storm duration ∆t in Column (2), is an integer of 1 to 2, i.e. the response time is very short.
10 Table 2b shows the calculations of the variable ∆tUH model parameters. In Column (9), the range of rainfall excess intensity is found much narrower than that of rainfall intensity in Column (4) and, in terms of the former, the lowest event is out of the order. In unit hydrograph analysis, data for the rainfall excess intensity, and not the rainfall intensity, are required, hence reference will be made to the former.
15
The lag time in Column (10) is computed from t p in Column (8) and ∆t in Column (2). The IUH shape factor is approximated by the ∆tUH shape factor in Column (11). According to Minshall (1960) , periods of high rainfall intensity all occurred late in the storm for all five events. These imply that computed values of the lag time may be too long, which may in turn cause an over-estimation of parameter N values because, as can 20 be seen from Table 1 , N value increases as does the IUH shape factor. Because of absence of the observed data, their effects on N values will not be pursued. The degree of nonlinearity in Column (12) is interpolated using Table 1 for a given value of the ∆tUH shape factor.
For the five unit hydrographs, the N value varies from 1.47 to 1.84, with an average 25 of 1.72, as also shown in Fig. 1 . All events, except the largest one, have an average N value of 1.79, which is 7% higher than the theoretical value of 1.67 by Manning friction law. The highest event alone has a lower N value of 1.47. This is close to the theoretical value of 1.5 by Chezy friction, which, as mentioned in Sect. 2 above, 2127 is the value chosen by Singh (1975) for his laboratory watershed. An examination of Tables 2a and 2b shows that in comparison with other events, this has an atypical unit hydrograph in that it peaked before the storm ended, and is an outlier because its rainfall excess intensity is three and half times higher than the rest. As mentioned in Sect. 2 above, in a review of the Amorocho and Orlob (1961) labora-5 tory experimental data, Dooge (2005) concludes that the characteristic time is inversely proportional to the characteristic discharge to a power of 0.4. Note that the Dooge relation is of the same form as the Manning friction-based IUH peak time equation expressed by Eq. (31). It follows that for Amorocho and Orlob's overland flow plane, the N value is 1.67. This is in contrast to an N value of 1.5 for the Singh (1975) laboratory   10 watershed having a converging surface.
Scale parameter
When parameter N has been determined, parameter C h can be determined from the IUH peak characteristics either by Eq. (15) or (16), plus Eq. (24), and the results are shown in Table 2b and Fig. 1 . The peak ordinate function in Column (13) which has the longest duration of 17 min, compared to that of 10 to 14 min for the rest.
Regeneration of unit hydrograph peak characteristics
The accuracy of parameters calibrated by the shape factor method in Sects. 7.1 and 7.2 above can be verified by applying the convolution integral to regenerate hydrograph for comparison with the observed one.
the five events are regenerated by convolution. Computations are done on a spreadsheet using a discrete form of the convolution integral with a variable IUH (Eqs. 20 and 21). The simulation results are shown in Table 2c (a template showing calculations for 27 May 1938 event, in which the storm duration of 14 min is divided into two 7-min periods as discussed in Sect. 7.4 below, is included as Appendix A).
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For the largest, 27 May 1938 event, when compared with the peak characteristics generated by convolution, the calibrated model under-estimates the peak rate by about 42%. The inability to capture the peak rate may be due to its being an atypical unit hydrograph, as explained in Sect. 7.1 above.
For the four other moderate events, the calibrated models under-estimate by con-volution the hydrograph peak rates by an average of 0.7% and the peak time by 1∆t. Therefore, it may be concluded that for the Edwardsville catchment, parameter values calibrated by the shape factor method for typical hydrographs are correct.
Size of the time step
To test the sensitivity of the peak characteristics to change in the size of time step, 15 the unit hydrographs for the two largest events are regenerated using different sizes of time step varying from 1 min to the full duration of the storms, i.e. 14 and 12 min, respectively. Although periods of high rainfall intensity all occurred late in the storm for all five events according to Minshall (1960) , the rainfall excess is assumed, for sensitivity test, uniformly distributed within the storm duration, i.e. having the same 20 intensity throughout the whole period. The full storm duration ∆t, called the "calibrated" time step, is divided into n periods of (∆t/n)-steps. By convolution (Eqs. 20 and 21), successive incremental hydrographs for each of the n periods are generated and the ordinates are added at the same time steps to yield a composite hydrograph. Appendix A shows an example of calculations for the 27 May 1938 storm using two 7-min steps.
25 Table 3 shows the peak characteristics of the regenerated hydrographs for these two events. The results show that as the size of time step becomes smaller, the hydrograph peak becomes more attenuated and the peak time much delayed, and that a single 2129 time step of the full storm duration, i.e. the calibrated time step, is the best available to reproduce or approximate the peak magnitude. Decreasing the size of time step does not improve, contrary to expectation, simulation accuracy. This is explained by examining, for example, the peak flow equation by Manning friction (Eq. 30) that for a unit pulse input, the peak discharge varies with the size of time step ∆t to a power of 5 1.6, and that the sum of two (∆t/2)-hydrograph peak discharges is less than that of the ∆t-hydrograph, let alone one (∆t/2)-hydrograph peak lagged by (∆t/2) after the other. These have profound implications for calibration and application of nonlinear models such as the 2-parameter, variable IUH model. It is obvious from these results that the 10 principle of superposition does not strictly apply to a nonlinear system for even a rainfall excess input uniformly distributed in time. The model parameters are applicable to the size of time step for which they are calibrated.
Since the variations of regenerated peak discharges with the sizes of time step as shown in Table 3 appear systematic, these point to the need for an adjustment factor 15 or additional parameter to account for the difference between various time step sizes used in simulation.
To illustrate the development of such an adjustment factor, let's us consider any one case from Table 3 . Let q (j p , ∆t/m) be the peak discharge of the composite hydrograph comprising m successive incremental hydrographs each of (∆t/m) du- a m be an adjustment factor, in which the subscript m denotes the number of (∆t/m)-periods in the calibrated time step ∆t. The purpose of a m is to bring the peak discharge of the composite hydrograph upward to that of the whole hydrograph, i.e. q(j p , ∆t)=a m mq(j p , ∆t/m). Note the value of a m thus derived will be at a minimum.
Let's also assume the peak time of the composite hydrograph and that of the whole hydrograph resulting from storm of ∆t duration are the same. By making use of the peak flow equation in Eq. (28) in which parameters N and C h and the intensity i (1) are the same for both ∆t-and (∆t/m)-hydrographs, the adjustment factor becomes:
This adjustment factor is applied to the regenerated hydrograph peak discharges for the two large events as shown in Table 3 . These results show that the adjusted regenerated hydrograph peak discharges are closer to, but still below, the observed ones. As mentioned in Sect. 7.1 above and also shown in Table 2a , the heaviest storm on 10 27 May 1938 is both atypical in the timing of the unit hydrograph peak, and an outlier in terms of the magnitude of peak discharge. The use of a smaller time step than the full storm duration, i.e. the calibrated time step, coupled with the adjustment factor greatly improves the accuracy of regenerated peak discharges for this unique event.
For the more typical 02 September 1941 event, the calibrated time step still gives the 15 best estimate of the peak discharge.
Note that to capture the peak ordinate of a hydrograph due to a single block of rainfall excess and pinpoint its time of occurrence, one can make direct use of the peak equations given by Eqs. (28) and (29). 7.5 Layers of the rainfall excess depth 20 The adjustment approach in the time domain as described in Sect. 7.4 above may be applied to the rainfall excess in the space domain as well. Imagine the depth of rainfall excess R E is sliced into p layers of (R E /p) each but of the same duration ∆t. Let q (j p , ∆t, R E /p) be the peak discharge of the composite hydrograph comprising p incremental hydrographs all resulting from the rainfall excess of (R E /p) in ∆t, where the 25 third argument in q denotes the rainfall excess amount. The peak ordinate of the com-2131 posite hydrograph is simply p times the peak ordinate of an incremental hydrograph, i.e. q (j p , ∆t, R E /p)=pq(j p , ∆t, R E /p). Let b p be a second adjustment factor, the subscript p denotes the number of (R E /p) layers in the rainfall excess depth. The purpose of b p is again to bring the peak discharge of the composite hydrograph upward to that of the whole hydrograph, i.e.
Let's also assume the peak time of the composite hydrograph is equal to that of the whole hydrograph, an assumption which is clearly approximate because the difference between two rainfall excess intensities (R E /∆t) and (R E /p)/∆t and that the peak time varies inversely with the intensity to a power of (1−1/N) as indicated by Eq. (29). Regardless of the validity of this assumption, by making use of the peak flow equation Eq. (28) in which parameter N, C h , and ∆t are the same for both hydrographs of R E and (R E /p), the adjustment factor becomes:
This adjustment factor is applied to the regenerated hydrograph peak discharges for the two large events as shown in Table 4 . These results show that the adjusted regenerated 15 hydrograph peak discharges are capable of reproducing the peak discharges using 10-plus layers of rainfall excess depth for the heaviest storm and atypical hydrograph on 27 May 1938, and using 3 to 5 layers for the second largest event.
It is of interest to compare the magnitudes of these two adjustment factors. Let r=a m /b p and m=p, i.e. the number of division is the same in the time step and the 20 rainfall excess depth. From Eqs. (33) and (34):
This shows that for N=2, r=1 and therefore a m =b p , and that for N<2, a m >b p , and for N<2, a m <b p , where m and p are equal in value.
Analysis of the Childs unit hydrograph data for the Naugatuck River
Shape parameter
As mentioned in Sect. 5 above, the Childs (1958) family of unit hydrographs for the Naugatuck River is an earlier but rarely cited example of watershed nonlinearity. Since he associated the variation of the unit hydrographs with the observed (and thus effected) 5 peak discharges, not the causative rainfall excess intensities, thus one key piece of data was missing as required for analysis by the variable IUH model The IUH shape factor is a function of parameter N only. Given the duration of rainfall excess, N can be calculated from the unit hydrograph peak characteristics alone. The calculation of C h , however, requires the amount of rainfall excess as well. Table 5a shows the 3h unit hydrograph peak characteristics for four events on the Naugatuck River as provided by Childs (1958) and converted to metric units from the imperial ones. As is the case for the Edwardsville catchment, the "unit" hydrograph refers to that produced by a unit storm having 1 mm in rainfall excess. Data are arranged in the descending order of the observed peak discharge in Column (2). Col-15 umn (3) shows the traditional "unit" hydrograph peak rates, i.e. for 1 inch (25.4 mm) of rainfall excess, which are read off the Childs graph or chart. The unit hydrograph peak ordinate in Column (4) is computed from the peak rate in Column (3) divided by the drainage area of 186.2 km 2 . Values for the time to peak in Column (5) are also read off his graph. In terms of the storm duration of 3 h, the time to peak is an integer of 2 20 to 3 in comparison with that of only 1 to 2 for the Edwardsville catchment. The ∆tUH shape factor and degree of nonlinearity for each of the events are computed in the same manner as described in Sect. 7.1 above for the Edwardsville. For the four 3 h-unit hydrographs, the N value varies from 1.92 to 2.68, with an average of 2.28. The smallest N value of 1.92 and the largest of 2.68 are associated with 25 the smallest and largest flood events, respectively. They all lie between the theoretical value of 1.67 by Manning friction for turbulent overland flow, and that of 3.0 for laminar overland flow (Ding, 1967a) . 2133
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When compared to the average nonlinearity of 1.72 for the 11-hectare Edwardsville catchment, the larger Naugatuck River with a drainage area of 186.2 km 2 has a much higher nonlinearity of 2.28. According to Eq. (2), between these two watersheds, the large river is more efficient in converting the flood storage into flood flow than the small catchment. 
Scale parameter
The calculation of scale parameter C h requires data for the causative rainfall excess intensity, which were not given in the Childs paper.
For the August 1955 Hurricane Diane, Childs (1958) reported that the computed peak discharge of 41 600 c.f.s. was equivalent to a rate of runoff of 0.9 inches per hour 10 from the entire drainage area of 72 sq. mi., and that the rate of rainfall probably did not greatly exceed a basin-wide average of 1 inch per hour, thus the Naugatuck River becoming a proverbial "tin-roof" (in Childs' word) under extreme flood conditions. Based on his estimated rainfall excess intensity of 0.9 inches per hour, parameter C h is calculated by the same shape factor method, which gives a C h value of 0.017 as 15 shown in Table 5b . This is very much smaller than the average C h value of 1.91 for the Edwardsville catchment, i.e. the larger the watershed size, the smaller the discharge coefficient. Table 5c . For the Naugatuck River with a computational time step of 3 h, the calibrated model by the shape factor method under-estimates the peak discharge generated by convolution by about 16%. Increasing the C h value from 0.017 to 0.019 as shown also in Table 5c would overestimate the peak discharge by about 3%.
Summary and conclusions
The author has described connections between nonlinear overland flow, channel routing and catchment runoff processes mainly through the use of an input-dependent kernel or variable IUH. A 2-parameter variable IUH model has been applied to two watersheds of vastly different sizes. The calibration for the Edwardsville and Naugatuck 5 watersheds both is carried out using their shape factor, because of the availability of the unit hydrograph data in a finished form. Otherwise, parameters are usually estimated from pairs of rainfall excess hyetograph and direct runoff hydrograph by de-convolution, i.e. optimization, or by convolution, i.e. sensitivity test. The sensitivity of peak characteristics to changes either in the computational time step or the rainfall excess depth 10 has been carried out for the Edwardsville catchment. These tests show instability problems associated with analysis of even some simple nonlinear systems such as the 2-parameter variable IUH model. Based on analysis of these well-documented storm events, but only on two watersheds, a number of conclusions regarding the model are summarized below. has been proposed as an index or measure of the watershed nonlinearity (Ding, 1974) . It measures the efficiency of a watershed in converting the flood storage to flow.
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b. The Amorocho and Orlob (1961) laboratory experimental data, as analyzed by Dooge (2005) , substantiate a nonlinearity of 1.67 by the Manning friction law for flow in wide rectangular channels, while the Singh (1975) experimental data for a laboratory watershed having a converging surface substantiate an N value of 1.5 by Chezy friction. The difference between the two N values is less than 12%.
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c. The Minshall (1960) unit hydrograph data for the 11-hectare Edwardsville catch-2135 ment show mixed results. For moderate storms, the degree of nonlinearity averages 1.79, or 7% higher than the theoretical value of 1.67 by Manning friction. For the largest event, which has an atypical unit hydrograph in that it peaked prior to the end of the storm, and is an outlier in terms of the peak discharge, it has an N value of 1.47, close to the theoretical value of 1.5 by Chezy friction. The Childs (1958) unit hydrograph data for the Naugatuck River having a drainage area of 186.2 km 2 indicate a highly nonlinear river basin with N values ranging from 1.92 to 2.68 with an average of 2.28. These lie between the theoretical value of 1.67 for turbulent overland flow by Manning friction, and that of 3.0 for laminar overland flow. f. The larger Naugatuck River has a C h value of 0.017 calibrated from a hurricaneinduced flood, and the smaller Edwardsville catchment has an average value of 1.91. Given similar N values, the larger the watershed size, the smaller the discharge coefficient.
Computational time step 20 g. The peak discharge in the variable IUH model is very sensitive to change in the storm duration or computational time step. The use of a single time step of the full storm duration is the best available to reproduce or approximate the peak magnitude. Decreasing the size of time steps without the use of an adjustment factor does not improve simulation accuracy.
h. To account for decrease in regenerated peak discharges caused by the storm duration or calibrated time step ∆t being divided into m times (∆t/m) steps, an adjustment factor a m , which is the Nth root of m periods (Eq. 33), can be applied to the regenerated peak discharges to improve their accuracy. (k1) = (h) starting at time step 1 (k2) = (h) starting at time step 2 (l) = (k1)+(k2) (m) = (1)*(7) 
